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1. Introduction 

Let F,(x,),..., Fk(xk) represent k >, 2 univariate 
max extreme value distributions. Gumbel (1960) 
was possibly the first to observe that functions 

H,(x,,..., xk) defined for real m > 1 by 

{-log H,(x,,..., x/J}m= ; {-log e(xJ>” 
i=l 

are multivariate extremal distributions. This sys- 
tem of distributions, which includes independence 
when m = 1, is well known. It is mentioned by 
Berman (1961) and by Marshall and Olkin (1983), 
among others, in the context of extreme value 
theory. 

The purpose of this note is to characterize 
Gumbel’s family of multivariate extreme value 
distributions among those whose dependence 
function is an Archimedean copula. Sibuya (1960) 
defines the dependence function of an arbitrary 
distribution F with continuous marginals 
F,,..., Fk as 

c(x ,,...,x,>=F{F;‘(x,),...,F,-‘(x,)}. (1) 

In the terminology of Schweizer and Sklar (1983), 

C(x,, . . . , xk) is a k-dimensional copula, i.e., a 

distribution with uniform marginals on (0, 1). A 
copula is said to be Archimedean if it can be 

expressed in the form 

C(x,,...,x,) =+-I 
i i 
,~lo(xj~ 3 

where +(t) is a function defined on (0, l] in such 
a way that ~(1) = 0 and 

Note that $I is unique up to a (positive) multi- 
plicative constant and that when k = 2, the condi- 
tions on $I are equivalent to saying that K(t) = 1 
- +-i(t) is the distribution function of a uni- 
modal random variable with mode at zero. 

Since a multivariate distribution F is uniquely 
determined by its marginals, E;1, and its depen- 
dence function (l), it is possible to investigate the 
convergence of F to an extreme value distribution 
by considering separately the behavior of its 
marginals and that of the corresponding copula. 
Thus if 4 belongs to the domain of attraction of 
F,*,l<i<k,andif 

0167-7152/89/$3.50 0 1989, Elsevier Science Publishers B.V. (North-Holland) 
207 



Volume 8, Number 3 STATISTICS & PROBABILITY LE’lTERS August 1989 

lim Cn(x:‘n ,_.., xLli”) = C*(x, ,..., xk) 
n+m 

for all 0 < x1,. . . , xk < 1, then according to Theo- 
rem 5.2.3 in Galambos (1978), F belongs to the 
domain of attraction of 

F*(x ,,..., xk) = C*{ F,*(x,) ,..., F,*(x,)}. 

When the limiting distribution, F *, belongs to 
Gumbel’s family, so that F * = H,,, for some m 2 1, 
we observe that the corresponding dependence 
function, C* = G,, is an Archimedean copula of 
the form (2) with 

(P(t)=y,(r)={-log(r)}m, O<t<l. 

It is thus natural to ask whether it is possible to 
generate max extreme value distributions from 
other Archimedean copulas. It is this question 
which originally motivated the present research. 

Using general results of Genest and MacKay 
(1986) on Archimedean copulas, the following 
statements will be proved in Section 2, respec- 
tively Section 3. 

Statement A. Gumbel’s distributions are the only 
max extreme value distributions whose dependence 

function is an Archimedean copula. 

Statement B. Distributions whose dependence func- 

tion is an Archimedean copula of the form (2) 
belong to the max domain of attraction of Gumbel’s 

distribution H,,, (with appropriate marginals) if and 

only if X’(1) exists and equals l/m > 0, where 

A(t) =+(t)/@‘(t), 0 < t < 1. 

In Section 4, these results will be related to 
classical theorems from the theory of univariate 
extremes. As the proofs for the case k = 2 gener- 
alize immediately to higher dimensions, we will 
restrict ourselves to this case for convenience. 

2. A characterization of Gmnbel’s family 

Let (X1, Y,), . . . ,( X,, Y,) be a random sample 
from a bivariate Archimedean copula of the form 
(2). Define X = max( Xj) and Y = max( q). Then 

pr(X<x, Y<Y)= [+-‘{+(x1 ++(Y)}]” 
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with +,(t) = $(t’/“), 0 < t < 1, so that the depen- 
dence function of (X, Y), 

C,(X? Y> = +;‘{ @%7,(x> + &Jr>)7 

is again an Archimedean copula. 
Setting X( t ) = $(t)/+‘(t), we get 

%,(t)/&(t) = nt l-l/n~(tl/“)/~‘(tl/“) 

= pm( ig( El). 

Thus ~#~~(t)/&(t) has a limit as n tends to infinity 
if and only if A’(1) exists, in which case 

lim Gn(t)/&(t) =A’(l)t log(t), 0 <t< 1. 
iI+* 

(3) 

Now if C is the dependence function of an 
extremal distribution, we know that 

Cn(x, y)=C(x, Y) forallO<x,y<l. 

This condition, which Leadbetter and RootzCn 
(1988) term max-stability, derives from the fact 
that an extreme value distribution always belongs 
to its own domain of attraction. Appealing to 
Theorem 5.4.8 in Schweizer and Sklar (1983), we 
deduce that 

(P(t)/+‘(t) = +%,(t)/%%(t>, O < t G 1, (4) 

for all n 2 1. It is then immediate from (3) and (4) 
that X’(1) > 0 exists and that 

+(t)/+‘(t) = t log(t)/m, 0 < t < 1, 

where m = l/h’(l) 2 1. We conclude that +(t) = 
{ - log( t )}I’” up to a multiplicative constant, i.e., 
C(X, y) = G,(x, y) for some m 2 1. This com- 
pletes the proof of Statement A. 

3. Domains of attraction of Gumbel’s distributions 

Once again, consider a bivariate Archimedean 
copula 

C(% Y> =+-‘{+(x> ++(y)) 

generated by a decreasing, convex function G(t) 
with G(l) = 0, and let A(t) =+(t)/+‘(t), 0 < t < 1. 
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Using the same notation as in Section 2, we must 
show that 

>imW C,(x, I’> = vi’{ u,(x) + Y,(Y)} (5) 

for all 0 < x, y < 1 if and only if h’(1) exists and 
equals l/m > 0. To this end, we will make use of 
the following extension of Proposition 4.2 in 
Genest and MacKay (1986), stated here without 

proof. 

Proposition. Let H,,(x, y) be an Archimedean 

copula generated by & and let H(x, y) be another 

Archimedean copula generated by c$. The following 

statements are equivalent: 

(i) H,,(x, y) converges to H(x, y) for UN 0 < 

x,y<k 
(ii) $n(.s)/+L(t) converges to $(s)/+‘(t) for all 

0 < s < 1 and all values of 0 < t < 1 where c$’ is 

continuous; 
(iii) There exists a sequence a,, a 2, _ _ . , of strictly 

positive numbers such that a,@,,(s) converges to 

e(s) for all 0 < s Q 1. 

The necessity of the condition on X’(1) is im- 
mediate from (5), since part (ii) of the above 
proposition implies that 

for all 0 < t < 1. To show sufficiency, assume that 
X’(1) > 0 exists and set m = l/X’(l). In view of (3) 
and part (ii) of the above proposition, it will 
suffice to show that (p,,( s)/$,( t) converges to 

{log(s)/log(t))” as n increases indefinitely or, 
equivalently, that 

lim log{ (p(s”“)/+( tl’n)} 
n-m 

= m log{h3(s)/bdt)) (6) 

for all 0 < s, t < 1. To do this, first rewrite the 
expression on the left-hand side of (6) as 

if:‘+(x) dx = log $(s”“) - log +(t”“). 

Making the one-to-one transformation y = 
n log(x) under the integral sign, we find 

Since X’(1) = l/m exists, we can now use the 
fact that (eyjn - l)/X(ey’“) approaches m 
asymptotically to show that 

lim 
J 

““‘l/xjx) dx 
n+m t’/n 

= lim m 
/ 

log( s ) eY/” 

dy. 
n-m log(t) n (ey/” - 1) 

(7) 

Finally, the limit on the right-hand side of (7) is 

equal to 

lim m log 
rl’M i 

1 _ eiog(s)/n 

1 _ eiog(t)/n 1 

= m log{log(s)/log(t ) 1 

by L’Hospital’s rule, and the proof of Statement B 
is complete. 

Illustrations. Several well-known systems of bi- 
variate distributions whose dependence function is 
an Archimedean copula belong to the domain of 
attraction of independence. This is the case for the 

families introduced by Ali, M&hail and Haq 
(1978) Cook and Johnson (1981) and Frank 
(1979) I, among others. An Archimedean copula 
whose limiting max extreme value distribution is 
Gumbel’s distribution with parameter m > 1 can 
be obtained by taking G,,,(t) = (1 - t)“, 0 < t G 1. 
This function gives rise to a bivariate uniform 
distribution which has a mass of l/m accu- 
mulated on the curve (1 - x)” + (1 -y)” = 1. 

Remark. Since (p is convex and +(l) = 0 by con- 
struction, it is easy to see that for given 0 < t < 1, 

the line y =+(t) + +‘(t)(x - t) must cross the x- 
axis between 0 and 1, so that t - 1 <X(t)<0 

always. Thus it could happen that h’(1) exists and 
equals 0. In that case, we can call upon Proposi- 
tion 4.3 of Genest and MacKay (1986) to con- 
clude directly that the limiting distribution is the 
FrCchet upper bound, viz. min{ F,*(x), F2*( y)}. 
The Archimedean copula generated by G(t) = 
exp{ 2/( t - 1)) provides an example. 

’ The statistical properties of this particular system of joint 
distributions have been investigated by Nelsen (1986) and 

Genest (1987). 
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4. Connection with univariate results 

It is instructive to relate Statement B to classical 
characterizations of univariate max domains of 
attraction. By part (iii) of the above proposition, 
we know that an Archimedean copula of the form 
(2) converges to G,,,, the dependence function of 

Gumbel’s distribution H,, if and only if 

lim a,$(t”“) = y,(t), 0 < t < 1, 
n+m 

for some sequence of positive numbers a,, u2, 
. . . . Taking inverses and setting p = - l/m, we 

see that 

Ji% { $-i(l/a,s)} ’ = exp( -s”) (8) 

must hold true for all values of s > 0. Equation (8) 
can be recast as follows in terms of a one-dimen- 
sional extreme value theorem. 

Consider a random sample Z,, _ . . , Z,, from 
L(s) = $I-‘(l/s). If M, = max(Z,, . . . , Z,), then 

pr(M,<s) =-L”(s), 

so that 

pr(M,/a. Gs) = L”(a,s) 

= { +-‘(l/u,s)}“, s > 0. (9) 

In view of (8) this implies that L belongs to the 
max domain of attraction of exp( -3”). According 
to a classical result of R.A. Fisher and B.V. 
Gnedenko (cf. Theorem 2.4.3, part (i), in Galam- 
bos, 1978), this occurs if and only if 1 - L(l/t) = 

1 - G-‘(t) varies regularly with exponent p = 
-l/m < 0. In other words, we have shown that 
A’(1) exists and is strictly positive if and only if 
the distribution function K(t) = 1 - G-‘(t) is of 
regular variation at the origin. 

Statement B can also be recast as follows in 
terms of an older limiting result due to R. von 
Mises. Theorem 2.7.1 in Galambos (1978) states 
that a sufficient condition for L(s) = @-‘(l/s) to 
belong to the domain of attraction of exp( -s”) is 
that 

lim sl(s)/(l - L(s)) = -p = l/m > 0, (10) 
s-m 

where f(s) denotes the probability density func- 
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tion associated with L. In the context of the 
present paper, equation (10) translates into 

limx(t)/(t-l)=A’(l)=l/m, 
r-1 

since X(1) = 0 by definition. In our case, it turns 

out that the condition on L is also necessary, 
because of the particular nature of these distribu- 
tions. 

These relations between univariate results on 
the one hand, and our bivariate characterization 
of the limiting behavior of maxima for Archi- 
medean copulas on the other hand, do not really 
come as a surprise. As we pointed out in the 
introduction, there is a one-to-one correspondence 
between bivariate distributions generated by con- 
vex functions (p(t), as in (2), and the univariate 
distribution functions K(t) = 1 - G-‘(t) of uni- 
modal random variables with mode at zero. Be- 
cause of this special feature, we believe Archi- 
medean copulas are well suited as a theoretical 
model for the statistical investigation of multi- 
variate data. 
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