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SUMMARY

This paper considers the prediction of a y-angle, given an x-angle in a circular-circular
regression. The predictor under study is a rotation of the decentred x-angle, defined as
the direction of the sum of the unit vector corresponding to angle x plus a decentring
vector. The parameters are defined as those which maximise the average residual cosine.
This predictor is shown to perform well when the data come from a bivariate von Mises
distribution or from a wrapped bivariate normal model. The large sample distributions
of maximum cosine estimators are derived. Tests of fit for the rotational model, which
predicts y by a rotation of x, and for the independence model where y is not related to x
are presented. The proposed methods are illustrated by the analysis of an earthquake
dataset where the direction of ground movement is regressed on the direction of steepest
descent.

Some key words: Angular regression; Directional data; Earthquake ground movement; Test of independence;
Von Mises distribution; Wrapped normal distribution.

1. INTRODUCTION

The literature on statistical methods for bivariate samples of angles (Fisher, 1993; Jupp
& Mardia, 1989) has mostly been concerned with deriving correlation coefficients for
measuring the dependency between angular samples. One model for circular-circular
regression expresses the ^-direction as a rotation of the x-direction. Further models are
considered by Fisher & Lee (1992). Prediction of the y-direction using a rotation of the
'decentred' x-angle is considered in this paper. The decentred x-angle is the direction of
the vector (ux + cos x, u2 + sin x)T, where uY and u2 are parameters to be estimated.

Decentred directions are useful tools for analysing directional data. They enter the
construction of offset distributions (Mardia, 1972, Ch. 3). They were used by Jupp & Spur
(1989) to estimate the source of a signal. Boulerice & Ducharme (1994) derive the distri-
bution of a decentred direction (uj + cos x, u2 + sin x)T from that of x. The name 'decentred'
comes from the following geometrical construction: if directions on the unit circle are
recorded by an observer located at a point with coordinates (— ul5 — u2), then the direction
(cos x, sin x)T will be recorded by the observer as that of (i^ + cos x, u2 + sin x)T.

In § 2 we discuss the basic properties of the decentred predictor, while § 3 shows that
decentred predictions closely approximate the conditional mean direction for two classes
of bivariate symmetric distributions, the wrapped normals and a bivariate extension of
the von Mises distribution. In § 4 we investigate the large sample distributions of the
maximum cosine estimators of the parameters of the decentred model. Simple large sample
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718 LOUIS-PAUL RIVEST

tests for comparing the fit of the decentred model to those of the independence model
and of the rotational model are proposed. An example concerned with the prediction of
the direction of earthquake displacement in terms of the direction of steepest descent is
presented in § 5.

2. BASIC PROPERTIES OF THE DECENTRED PREDICTOR

A convenient parameterisation for the decentring vector is (ult u2) = r(cos a, sin a), where
r is a real number and a is an angle. In this notation, the direction of (ux -I- cos x, u2 + sin x)T

can be written as the unit vector

1 /rcosoc + cosx
{r2 + 1 + 2r cos(a — x)}* \ r sin a + sin x

1 /cos a — sina\ (r + cos(x — a)\
{r2 + 1 +2r cos(x — a)}* \sina c o s a / \ sin(x —a) ) '

A rotation of the above vector gives the general form of the decentred predicted direction
as

/cosjS - s i n £ \ / r + cos(x-<x)/cos
-a)}*\sinl+2rcos(x-a)}*\sinj9 cos^/V sin(x-a)

where fl belongs to [0, 2n). Rewriting (1) in terms of angles we obtain the following
expression for the angle of the decentred predictor:

6{x; P,u,r) = (3 + atan {sin(x — a), r + cos(x — a)} (mod 2n)

— a), r cos/? + cos(x + /? — a)} (mod27t), (2)

where atan (a, b) is the angle whose sine and cosine are proportional to a and b respectively.
Thus atan (a, b) = tan~l (a/b) + h(b)n, where h takes the value 1 if b is negative and 0
otherwise, and tan"1 is the inverse of the tangent function taking its values in [ — n/2, n/2].
When r goes to oo, (2) no longer depends on x. This is the independence model,

0(x;j9,o,oo) = 0. (3)

Putting r = 0 in (2) yields the rotational model,

d(x;p,<x,0) = p-a + x. (4)

When r = oo, only /? is identifiable while, when r = 0, only fl — a. is identifiable.
In (1) and (2), parameters a and /? are related to the locations of x and y respectively.

Parameter r determines the local slope of the decentred regression function. Differentiation
of (2) shows that

d r cos(x - a) + 1
— 0(x; 0, a, r) = 2rcos(x-a )+ l -

At x = a, the derivative is given by 1/(1 + r). For x near a, (2) reduces to

0(x ; / f , a , r ) ^ (x -# + l).

Thus, when the x and the y directions are tightly clustered around a and fl respectively,
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Decentred predictor for circular-circular regression 719

the decentred prediction model is approximately equivalent to a simple linear regression
with a slope of 1/(1 + r).

The range of possible angles for 9(x; /?, a, r) depends on r. When r < 1, all directions are
possible and 9(x; /?, a, r) goes around the circle once as x increases from 0 to In. The local
slope varies between 1/(1 + r) and 1/(1 — r). When r ^ 1, the range of 0(x; /?, a, r) — /? is
contained in [ — n/2,7r/2]. The decentred predictions are clustered around /?.

The following notation is used throughout the paper. Let ax and 9X denote respectively
the mean resultant length and the mean direction of the random angle x. In other words,

ax = {£2(cos x) + £2(sin x)}* = £{cos(x - 6X)}, 6X = atan {£(sin x), £(cos x)}

and £{sin(x — 6X)} = 0. The mean direction 9X is well defined only when ax is strictly
positive. Also, if {xt: i = 1,...,«} is a random sample distributed as x, then Rx and 9X

denote the empirical mean resultant length and mean direction respectively. This notation
is easily extended: for instance, 9y-x is the mean direction of the sample {yt — x j while
9y\x and ay\x denote respectively the conditional mean direction and mean resultant
length of y given x, which are defined as the direction and the length of the vector
£{(cosy, siny)T|x}.

3. DECENTRED PREDICTIONS FOR SYMMETRIC DISTRIBUTIONS

Let f(s, t) be the joint density of the random angles x and y. The dependence between
x and y is assumed to be positive, that is ox-y ^ ax+y (Rivest, 1982). If this condition is
not met, it suffices to consider the distribution of y and — x. Maximising the average
residual cosine is proposed in this section as a method for finding the decentred predictor
for a particular density /. Comparisons between the decentred predictor and the con-
ditional mean direction 9y\x are also presented for two families of bivariate distributions.

The parameters of the decentred predictor for / are defined as the values maximising
the average cosine residual angle defined as

L(p,a,r) = Elcos{y-9(x;P,a,rM (5)

where the expectation is taken with respect to the joint distribution of (x, y). In (5) the
expectation with respect to the conditional distribution of y given x is easily evaluated.
This yields

L{p,a,r) = Eloy\xCos{9(x;P,a,r)-9y]x}l (6)

When x and y are independent, 9y\x = 9y and oy\x = oy. Thus (6) implies that
L(fi, a, r)^ay, with equality only if r = oo and P = 0y. The maximum cosine value of r is
oo and the decentred predictor reduces to (3). When y — x and x are independent one has
9y\x = 9y-x + x and r = 0 maximises (6); the decentred predictor then reduces to (4).

Suppose now that / is symmetric (Rivest, 1984) with respect to (9X> 9y), that is,

f(s + 9x,t + 9y)=f(-s + 9x,-t + 9y) (7)

for any (s, t) in (0, 2n). For r fixed, the partial derivatives of L(/?, a, r) with respect to a
and 9 are null at a = 9X and fi = 9y. For a large class of symmetric models these extrema
are indeed maxima, and the optimal r is then the value maximising L(9y, 9X, r).

If 9y\x is itself a decentred predictor, one has 9(x; /?, a, r) = 6y\x since, in (6),
L(/?, a, r)<£(CTj,|J with equality if 9(x; fi,a,r)-9y\x. In such instances, the conditional
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720 LOUIS-PAUL RIVEST

distribution of y can be expressed as the regression model

y = 9(x;p,a,r) + e, (8)

where e has a distribution, possibly depending on x, with mean direction 0.
Consider, for instance, the symmetric exponential model of Rivest (1988), with f(s, t)

proportional to

exp {/q cos(s — 9X) + K2 cos(t — 9y) + yt cos(s - 9X) cos(t — 9y) + y2 sin(s — 9X) sin(t — 9y)},
(9)

where 9X, 9y are the mean directions, and *q, K2, yx, y2 are shape parameters. The
conditional mean direction for this model is given by

9y\x = 9y + atan{y2 sin(x — 9X), K2 + yt cos(x — 9X)}.

When yi = y2 = y, 9y\x is a decentred predictor, and (fl,a,r) = (9y,9x,K2/y) maximises
L(/?, a, r). For this bivariate generalisation of the von Mises distribution, (8) holds with e
distributed as a von Mises distribution with a concentration parameter depending on x.
Observe that, if in (9) one has y2 = 0 and K2 > yt > 0, then 8y\x = 9y and the maximum
cosine value of r is oo. This shows that the decentred predictor can be equal to (3) even
when x and y are not independent.

Let x = X (mod 2n) and y = Y (mod 2n), where (X, Y) is distributed as a bivariate normal
with mean vector (9X, 9y), variances {y% yj) and correlation coefficient p. The joint density
of (x,y) is the wrapped bivariate normal; it is symmetric with respect to (9X, 9y). The
conditional mean direction of y given x is evaluated by first conditioning on X and then
by taking the expectation with respect to the conditional distribution of X given x. This
yields

9ylx = 9y + atan

x-9x-

where <f>(x) = exp(—x2/2). When the slope pyy/yx is equal to 1 and \, the correspond-
ing 9y\x are decentred predictors given by 9y + (x — 9X) and 9y + (x — dx)/2 for x in
(9X — n,9x + n) respectively. Thus, from (6), the conditional mean direction and the
decentred predictor are equal in these two instances. Numerical investigations revealed
that, for the wrapped normal model, 9y\x and 9(x; 9y, 9X, r) generally coincide almost
perfectly except when yx is small, for x-values that are far from 9X, provided that the slope
pyy/yx is less than 1-5. For larger slopes decentred predictors constructed with angle
Ci + PYy/Vxl^ where [z] denotes the integer part of z, approximate 9y\x well. Thus, the
wrapped bivariate normal is another instance where (8) holds, at least approximately,
with the residual distribution depending on x.

4. SAMPLING PROPERTIES OF THE ESTIMATED DECENTRED MODEL

4 1 . General
Let {(xh yt); i = 1 , . . . , n] be a bivariate sample of angles drawn from some density

f(s, t). No restriction is imposed on f(s, t) in this section. We propose nonparametric
inference procedures that are valid, at least asymptotically, even when (8) is violated.
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Decentred predictor for circular-circular regression 721

The maximum cosine estimators maximise an estimator of (5),

£(ft a, r) = - £ cos{y, - 6(Xi; P, a, r)}.
n < = i

They are maximum likelihood estimators under (8) when e has the von Mises distribution
with concentration parameters independent of x. From (2), cos{y, — 0(x,; ft a. r)} is equal
to

cos P cos [yt — atan {sin(x, — a), r + cos(x; — a)}]

+ sin p sin [y, — atan {sin(x, — a),r + cos(x; — a)}].

This suggests that we calculate the estimates in two steps: first find (a, r) by maximising
the length of

n ^ {r2 + 1+ 2r cos(Xi-oc^yr sinyi + sin(yi-xi +a))'
A

and then take p as the direction of the vector with maximum length.

4-2. Large sample distributions of the maximum cosine estimators
The density/(s, t) is assumed to be such that the value r maximising L(ft a, r) is nonnull

and finite; this ensures that p and a are identifiable. Methods for investigating the validity
of this assumption are proposed in §§ 4-3 and 4-4. To investigate the asymptotic properties
of (ft ot, f) it is convenient to use the theory of estimating equations. Let v(x; P, a, r), be
the vector of partial derivatives of 8(x; P, a, r), with respect to p, a and r,

7\ 1

i;(x; ft a, r) = —- 0(x; ft a, r) = -j— ——I - r c o s ( x - a ) - l ).
d(P, a, r) r2 + 2r cos(x - a) + 1 \

— sin(x — a)
(11)

Differentiation of L(P, <x,r) yields the estimating equations for ft a and r,
- t v(xi;P,a,r)sin{yi-e{xi;P,a,r)}=0. (12)

A

The estimators (ft 6t, f) are solutions of (12). Thus, in large samples, one has

1 £
- £ v(xt; ft a, r) sin {y, - 0(x,; ft a, r)},
i ( = i

where A, the matrix of the expected partial derivatives of the estimating equations, is
equal to

0 0
(r — r3) sin(x — a) r2 cos(x — a) + 2r + cos(x — a)

_\0 r2 cos(x — a) + 2r + cos(x — a) 2 sin(x — a){r + cos(x — a)}

sin{y-0(x;fta,r)}
- £[u(x; ft a, r)u(x; ft a, r)1 cos{y - 0(x; ft a, r)}].2rcos(x-a)+l}
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722 LOUIS-PAUL RIVEST

Thus, (P, a, r) is asymptotically normal with variance-covariance matrix given by

A~1VA~1

( M ) (13)
n

where

V = E[v(x; 0, a, r)v(x; p, a, r)T sin2{y- 6(x; P, a, r)}].

Under model (8), with homoscedastic errors, this variance-co variance matrix simplifies
to

var(ft &, r) = - - j - — — E{v(x; p, a, r)v{x; p, a, r)1} \
n E2[cos{y-6(x; £,a,r)}]

When x is in a neighbourhood of a, the first two components of (11) are almost pro-
portional. Thus, when the x-sample is clustered, the estimating equations are ill con-
ditioned since the first two equations of (12) are almost identical. If the assumption of
symmetry as given by (7) is tenable, one could set P = 9y,6t = 9x and maximise L(9y, dx, r)
to estimate r. Under symmetry, the matrix var(/?, &, f) is block diagonal, with one block
for (P, &) and one block for f. Thus, when / is symmetric, the variance of f is given by the
(3, 3) entry of var($, &, f), namely,

1 I rsin(x - ex) sin2{y - 0(x; 6y, 0x, r)}1
2rcos(x-0J + l}2 J

x {£([sin2(x - 6X) cos {y - 6(x; 0y, 9X, r)} - 2 sin(x - 0X) {r + cos(x - 0X)}

The variance of 6(xp; ft, a, f), the predicted y-angle at x = xp, is easily calculated to be

xp; jg, d, r)' var(ft, a, r)v{xp; p, &, r)
\ZT\vyxp; p, a, r)) = —p- v- .

n

To derive prediction intervals, one could adapt some of the methods reviewed in Carroll
& Ruppert (1988, Ch. 3) to study the variability of maximum cosine residuals.

Finally, note that all the variances reported in this section are easily estimated by
replacing, in the variance formulae, the parameters by their estimates and the theoretical
circular moments by their empirical counterparts. Since the underlying density/is usually
unknown, estimating (13) is proposed to estimate the variance-co variance matrix of

4-3. A test of fit for the rotational model
The results of § 4-2 are valid only as long as the hypothesis Ho: r = 0 is false. In this

section we construct a test for Ho. The proposed test statistic is the difference of the
squared average residual cosine for the full decentred predictor minus that for the
rotational model given by (4), L2(p, &, f) - L2{P0, 0,0), where $0 = 6y_x and L(P0, 0, 0) =
Ry-X. The null distribution of this difference is given next; the proofs of Propositions 1
and 2 are given in Appendixes 1 and 2 respectively.

 at U
niversite Laval on July 15, 2011

biom
et.oxfordjournals.org

D
ow

nloaded from
 

http://biomet.oxfordjournals.org/


Decentred predictor for circular-circular regression 723

PROPOSITION 1. Ifx and y — x are independent, and if(Jy_x is nonnull, then asymptotically

This test is consistent for any density / for which the maximum residual cosine satisfies
L(P, a, r) > <Jy-x. A score test, asymptotically equivalent to the statistic of Proposition 1,
is easily constructed. Let S denote the 3 x 3 variance-covariance matrix of the z-sample,
where

z, = {sin(yi -x,- Gy-X), sin xh cosx,}7 (i = 1 , . . . , n),

and let p2 = tr(Sf1
1S12S^21S21) be the squared canonical correlation between the first com-

ponent of z, that is {sin(y, — x{ — 9y_x)}, and {(sinx;, cosx()
T}. Under Ho, it is shown in

Appendix 1 that the difference between the statistic of Proposition 1 and np2 is op(l).
Therefore the decentred model improves on the rotational model when the sines of the
rotational residuals are linearly related to the unit vector of angle x.

4-4. A test of independence
To investigate if the decentred model provides a better fit than the independence model,

see (3), one can test Ho: 1/r = 0. A suitable test statistic, similar to that of § 4-3, is given
in the following proposition together with its large sample distribution.

PROPOSITION l.Ifx and y are independent and if ay is nonnull, then the asymptotic null
distribution of the test statistic for independence,

L2(Aa,r)-L2(g0,0,oo)

where fi0 = 6y and L($o, 0, oo) = Ry, is x\-

In Proposition 2, we must have that ay > 0. Boulerice & Ducharme (1994) showed that
the mean resultant length of atan(sin x, r + cos x) is nonnull, even when x is uniformly
distributed on the circle, except of course when r is null. This suggests that decentred
predictions are appropriate for y only when ay is positive.

In Propositions 1 and 2 the assumption of independence is necessary to get a xl asymp-
totic distribution. For instance, if / is given by (9) with y2 = 0 and K2 > yi > 0, then the
maximum cosine parameter is r = oo even if x and y are not independent. For such a
density, the test statistic of Proposition 2 does not have a limiting xl distribution.

A score statistic asymptotically equivalent to the statistic of Proposition 2 can be
obtained as in § 4-3. It is the squared canonical correlation between sin(y, — 6y) and
(sinx;, cosx,). This score statistic can be regarded as a component of the Jupp & Mardia
(1980) independence statistic, which is the sum of the squared canonical correlations
between (cosy,, siny,) and (cosx(, sinx,).

5. EXAMPLE

The basic data, collected by Prof. Hamada from Tokai University in Japan, consist of
two sets of aerial photographs taken before and after an earthquake in the town of
Noshiro, Japan (Hamada & O'Rourke, 1992). On each set of photographs, coordinates
(x, y, z), related to east-west and north-south distances and altitude, respectively, were
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724 LOUIS-PAUL RIVEST

calculated for 763 points of the site by photogrammetric analysis. The earthquake ground
movement for the 763 points was obtained by subtracting the pre-earthquake from the
post-earthquake coordinates. The directions of steepest descent were estimated as the
directions of the gradients in a pre-earthquake local regression of z on x and y (Ruppert,
1997). The data under study are {xh yt; i= 1 , . . . , 763}, where x, represents the pre-
earthquake direction of steepest descent and y{ stands for the direction of lateral ground
movement.

Since Ry = 016, ay is nonzero and independence can be tested with the statistic of § 4-4.
The canonical correlation for independence is p = 035 yielding np2 = 9347. The maximum
average residual cosine for the decentred model is £(/?, &, r) = 0-474; this leads to a value
of 322-49 for the x\test statistic of Proposition 2. Both tests are highly significant and the
assumption of independence is rejected. For the rotational model Ry-X — 0-454. The statis-
tic of Proposition 1 is 380 while the corresponding canonical correlation is 0-19, yielding
a score test statistic of 27-5. Both tests are significant at the 001 level. Thus the rotational
model does not fit well; decentring improves the predictions significantly. The maximum
cosine estimates, the angles are expressed in radians, are ft = —0-89, a = —0-98, r = —0-45,
and the estimated variance-covariance matrix, obtained from formula (13), is

16
15

2

•3
•6

•2

15-6
17-4

0-9

2-2
0-9

6-4

The hypothesis Ho: /? = oc is of interest. If it is true, then the predictor for y is the
unrotated decentred x-angle. This is plausible for this dataset since ground movement
should be closely related to the unrotated direction of steepest descent. A Wald test statistic
is easily constructed for Ho, namely,

where v(.) and cov(.,.) denote variances and covariances appearing in v(fi, &, f). One
obtains zobg = —1-8, which is not significant at the 005 level. Thus Ho is not rejected; this
suggests taking $ = &== —0-93 for constructing the decentred predictor:

0(x; - 0 9 3 , -0-93, -0-45) = atan(0-362 + sin x; -0-267 + cosx).

Exploratory analysis of the residuals {yt — 6{xt; —0-93, —0-93, —0-45)} revealed the pres-
ence of heteroscedasticity.

The analysis shows that direction of steepest descent is not the only determinant of the
direction of ground movement. Other factors, possibly related to the direction of earth-
quake propagation, influence ground movement. Further modelling, using the slope of
steepest descent as an additional predictor variable, should improve on the decentred
model.

6. DISCUSSION

The decentred predictor is a useful tool for circular regression. It has a simple geometri-
cal interpretation, it provides good j-predictions for some important bivariate angular
models, and the sampling properties of the maximum cosine estimators of the parameters
are tractable. The application of the decentred predictor to angular time series (Breckling,
1989, p. 183; Fisher & Lee, 1994) is a promising area for future research.
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A P P E N D I X 1

Proof of Proposition 1
Without loss of generality assume that £(sinx) = £{sin(y — x)} =0. If these expectations are

nonzero, it suffices to subtract 6X from x and 8X + 9y-x from y to make them zero. Let ui = r cos a
and u2 = r sin a. With this new parameterisation, a rotation of angle —a of (10) yields

1. A 1 /^ cos yt + u2 sinyl + cos(yl-xl)
n f~i {u\ + u%+ 1 + 2ul cosx, + 2u2 sinx()* \ut siny, —u2cosy,+ sin(y, — x,)

Since rotating a vector does not change its length, L(&, p , f) is the maximum length of the
above vector. Its squared length can be written in terms of the angles T(X), defined as
atan(u2 + sin x, ut + cos x), as follows:

£2(«i, "2) = R l cos{y,- T(X,)}J + P j £ sin{fl - T(X,)}T.

To obtain an approximation to L2(fi, A, f), one can expand t?(uu u2) in a Taylor series around
(0, 0). This yields

L2(uu u2) = R2_x + d(uu u2f + i(u1; u2)H(ult u2f + o^u2), (AM)

where d is the vector of partial derivatives of £2(u1; u2) and H is the matrix of second derivatives,
both evaluated at ut = u2 = 0. If if is negative definite, then an approximation to L2(p, &, f) is
obtained by maximising the quadratic form in (AM). This yields op(n"*) approximations to the
values of (ult u2) maximising L2(ul, u2). Thus

To complete the proof, one needs to derive the asymptotic distribution of dT H~1d/2. Let w(x; Uj, u2)
be the vector of partial derivatives of T(X),

3T(X) 1 / — u2 — sin x
w(x; uuu2) = d(ultu2) 1 + u\ + it2, + 2u1 cosx + 2u2 sinx \ uy

The vector of partial derivatives of L2(M1; U2) with respect to ut and u2 is

cos{yf - T(X,)} W(X,; u t, u2) sin {y, - r{x,)}
^ n ^ n

_ 2 y sin {yt - T(X,)} w(x,; u t ) u2) cos{yf - T(X,)}

When Uj = u2 = 0, T(X) = x. In evaluating d, only terms that are 0p(n~*) when ul = u2 = 0 need to
be kept, so that
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In a similar way, when evaluating H, one only needs to retain terms that are Op(l). This yields

( 2 ) £(cosxsinx) \
= 2o2(y-x)\ .

\£(cos x sin x) — £{(cosx — ax) }
Since d is approximately equal to the average of independent identicaUy distributed random

vectors, by the Central Limit Theorem, its large sample distribution is bivariate normal with zero
mean and variance-covariance matrix equal to —2E{sin2{y — x)}H/n. Therefore

,T r

and the large sample distribution of the test statistic is x%.
If we use in (Al-2) the approximations

2S12^d/a{y-x), 2S22^H/a2(y-x), Sn^

where S is the variance-covariance matrix of the z-sample defined in § 4-3, then the test statistic
of Proposition 1 is seen to be asymptotically equivalent to the score statistic np2 of § 4-3.

APPENDIX 2

Proof of Proposition 2

Reparameterising (13) in terms of ut = cosoc/r and u2 = sina/r, we obtain

1_ i 1 /cos v, + Ui cos( V; - x,) + u2 sin yt - x,)
n (~i (uf + u\ + 1 + 2ux cosx,+ 2u2 sinx,)* \siny, + Uj sin(y, — x,) — u2 cosy, — x,)

The argument follows that for Proposition 1 with the angles y, and yt — x, interchanged.
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