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Summary:  This paper considers a technique for estimating the size of caribou

herds using radio-collared animals.  It relies on a particular caribou behavior:  In

the summer they aggregate in large compact groups which afford protection

against blood sucking insects.  During this aggregation period, biologists in

aircraft search the caribou summer range trying to detect signals emitted by

radio-collared animals, and to locate the groups.  Unfortunately, some radio-

collared animals and their associated groups are missed.  The groups that are

found are photographed and enumerated, but the total number of photographed

caribou underestimates the herd population since groups having no collared

animals, and some groups with collared animals, are missed.  This paper

proposes a stochastic model to correct the abundance estimator for group

undercoverage.  An estimator for the size of the population is proposed with an

associated variance estimate.  The analysis of the July 1993 post-calving

photographic inventory of the Rivière George herd is presented as an illustration.
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1.  Introduction

The accurate estimation of caribou population sizes is indispensable for

understanding their population dynamics and ecology.  Several approaches to

estimating  caribou population sizes are reviewed in Heard (1985).  All methods

involve aerial surveys carried out at various times of the caribou annual life cycle.

Direct counts of the animals by observers aboard aircraft are susceptible to bias.

Aerial photography is the preferred technique since, in subarctic and arctic

habitat, vegetation does not hinder the visibility of the animals.  In post-calving

surveys the large groups of caribou that form in the summer months are located,

using collared animals, and photographed.  These surveys have been used

successfully in Alaska (Valkenberg, Anderson, Davis and Reed, 1985) and in the

Northwest Territories (McLean and Russell, 1988).  Post-calving surveys are

reviewed in Section 2.  In this work, herd size is defined as the number of adult

caribou in a herd.  Although the herd also contains calves, they cannot be

counted accurately from photographs because some are eclipsed by larger

adults.  Russell, Couturier, Sopuck et Ovaska (1996) discuss techniques for

estimating the number of calves, however this problem will not be considered

here.

Summing the sizes of the groups that have been detected by radio

telemetry underestimates the herd size.  The bias stems from groups without

collared animals, since these groups are likely to be missed. Groups with radio-

collared animals that are not detected also contribute to the bias.  The standard

methods for estimating abundance with radio telemetry data, based on a capture-

recapture model (Garrott and White, 1990), do not apply well for estimating

caribou herd sizes in Northern Canada and Alaska.  The large size of the herds,
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which can be counted in thousands of animals, and the heterogeneous

distribution of this migratory animal over its wide range make these methods

inappropriate.  New estimation techniques are proposed in this work.

In Section 3, a stochastic model, based on survey sampling concepts, is

proposed to account for the animals that are not seen in a post-calving survey.

Section 4 proposes an estimating function for the total population size and a

variance estimator for the resulting estimate.  Section 5 investigates the basic

assumption underlying the proposed methodology, namely that the collared

animals are randomly distributed among groups.  A goodness of fit test to detect

an overdispersed distribution of the collared animals in the groups is proposed.

Section 6 presents the application of the proposed methodology to a post-calving

survey carried out in 1993 for the Rivière George caribou herd.

2. Post-calving Surveys.

Post-calving surveys are taken during the short summer of the subpolar regions

of Northern Canada and Alaska approximately a month after female caribou have

calved.  They rely on a particular caribou behavior:  In July, when the weather

warms up, the caribou are visited by hordes of blood-sucking insects.  Seeking

relief from these intruders, the caribou aggregate in large groups in open, windy

areas.  Post-calving surveys attempt to locate and to photograph these groups.

To implement these surveys, caribou herds are monitored starting in late June.

When the aggregation process starts, the search for groups begins.

Let n be the number of radio-collared animals in the herd at the beginning

of the survey.  The goal of the survey is to locate the n collared animals and their

associated groups.  For this purpose, observers fly over the herd's range and

attempt to detect the signals emitted by the VHF radios of the collared animals.
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The aircraft are equipped with  receivers scanning frequencies for the signals

emitted by the radio collars.  Each collar has its own frequency which provides a

unique identification.  The crews in the aircraft scan the possible frequencies

looking for signals.  Both fixed-wings aircraft and helicopters are used to locate

radio signals.  They fly lines 30 kilometers apart over the caribou summer range.

Since radio collars can be detected at a distance of up to 70 kilometers, one

collar can be heard more than once.  Some surveys use radio collars that are

located by satellites.  Their locations is available every 3 to 5 days.  They allow

an efficient management of the radio telemetry search.

The aim of the search is to locate groups;  the sampling effort may vary

with the likelihood of finding animals in a particular area.  Additional aircraft may

be called upon when the detection rate lags, thus the area searched during a

survey is not a random sample of a herd's range.

Once a radio-collar is detected, the group to which it belongs is located.

The other collared animals in the group are identified and the group is monitored

for a few days until it reaches a maximal level of aggregation.  Aerial photographs

of the group are then taken at an altitude of 250 to 300 meters above ground

level in order to minimize disturbance to the caribou.  The aggregation lasts long

enough for photographs to be taken in good conditions, allowing an accurate

enumeration of the adults in the group.  Detected groups are monitored at a

distance to insure that they are not counted twice.  When the weather cools off,

the caribou disperse and the survey ends. From 2 to 4 weeks are usually

available to locate and photograph groups.

Groups without any radio-collared animal are occasionally enumerated.

Because they can only be detected through visual contact, there is a large
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probability of their being missed.  Such groups are not used for calculating

unbiased population estimates, since their detection probabilities are not easily

modeled.  In the post-calving surveys considered by Valkenberg, Anderson,

Davis and Reed (1985), groups without collared animals accounted for up to 13%

of the total population.  In the best cases, all radio-collared animals are found,

however it may happen that some are missed.  Collared animals are unlikely to

be missed in groups that have been detected since these groups are scrutinized

with great care.  Missed radio-collars correspond to undetected groups with

collared animals.  Interference caused by ground effects, such as hills, rocks,

deep valleys, and radio malfunctions are the main reasons why radio-collars stay

undetected.

Groups without collared animals and groups with radio-collars that are

missed are the issues that need to be dealt with in order to get a good estimate

of abundance.  A simple way to cope with the first problem is to make n (the

number of radio-collars in the herd) large enough for the probability of a large

group having no collared animals to be negligible.  An alternative method

pursued in Section 3 is to weight  group sizes, in the estimation procedure, by the

inverse probability of their having at least one collared animal. To deal with

missed radio-collars one could use Lincoln-Petersen capture-recapture model

(White and Garrott; 1990).  If n2 caribou are seen, m of which (m<n) bear radio-

collars, the Lincoln-Petersen estimate of the population size is nn2/m.  This

estimate is negatively biased since the number of caribou by radio-collar is much

bigger in large groups than in smaller ones.  To correct this bias, Russell et al

(1996) suggested using only large, well-aggregated groups in the estimation

procedure.  With this approach, one takes n2 (m) equal to the number of

(collared) caribou found in large groups in the formula for the Petersen estimate.
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This method works if there are enough radio-collars in the herd for the so-called

large groups to have a high probability of having at least one collared animal.

Also, the estimate depends on the way in which large groups are defined, and

the information gathered on the smaller groups is lost.

This paper presents alternative methods to accounting for missed caribou

in abundance estimates.  The new methods rely on the sampling framework

underlying post-calving inventories that are presented in the next section.

3.  A Survey Sampling Approach to Post-Calving Inventories.

This section uses the following notation:

• M  represents the total unknown number of groups in the herd at the time

of the survey;

• m, m<M, stands for the number of groups with radio-collared animals;

• m', m'≤m is the number of detected groups having radio-collared

animals;

• Ni represents for i=1,...,M the size of the ith group;  note that ∑1
MNi is

equal to T, the herd's size;

• Xi denotes, for i=1,...M, the number of radio-collared animals in group i at

the time of the survey, note that for m<i≤M, Xi=0;

• n is the total number of radio-collars in the herd at the time of the survey,

n=Σ1
mXi.

The range of i in a summation sign indicates the type of groups in the sum:  if i

goes from 1 to M all the groups in the survey area are in the sum, when i is

between 1 and m, the sum is of all the groups having collared animals while if i

goes from 1 to m', only the groups detected in the survey are in the sum.  Only
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the data from detected groups having collared animals, that is {(Xi,Ni):

i=1,2,...,m'}, are used in the analysis.

To build an estimator for T, the M groups of caribou are regarded as a

frame undergoing sampling.  The groups are the sampling units which undergo

two phases of sampling.  A group is selected at phase 1 if it has at least one

collared animal.  The detection of some groups of animals by radio telemetry

corresponds to the second phase of selection.

Phase 1 sampling is the selection of the m groups having collared animals

out of the frame of the M groups.  The selection probabilities are calculated under

the assumption that the collared animals are distributed randomly among the

groups.  Methods for ascertaining this assumption are proposed in Section 5.  Let

εi be the indicator variable taking the value 1 if the ith group has at least one

collared animal, and the value 0 otherwise.  Since T-Ni is much larger than n, one

has, under the randomness assumption,

πi = P(εi=1) = 1-
 


 
T-Ni

n

 


 
T

n

 ≈1 -  


 
T-Ni

T
n 

. (1)

Using approximations similar to (1) yields the joint selection probabilities,

for i≠j,

πij=P(εi=1,εj=1) = 1-(1-Ni/T)n-(1-Nj/T)n+[1-(Ni+Nj)/T]n. (2)

The covariance γij between εi and εj is γij = πij-πiπj. Seen from a survey sampling

perspective, the phase 1 sample has varying selection probabilities and a

random sample size (Särndal, Swensson, and Wretman, 1992, Chapter 2).



8

Phase 2 sampling corresponds to the detection, by radio telemetry, of m'

groups among the m groups that have collared animals.  Despite an extensive

aerial search over the herd's summer range, it may happen that some radio-

collared animals are missed.  Because it is unlikely that radio-collared animals in

groups that have been detected will be missed, the missed radio-collars are

assumed to belong to undetected groups.

Let δi denote the indicator variable taking the value 1 if group i is detected,

and 0 if not.  It makes sense to assume that groups having collared animals are

detected independently of one another so that the δi's are independent, given the

distribution of the radio-collars in the groups.  The determination of

P(δi=1|εi=1)=pi, the probability that a group with collared animals is detected, is

somewhat arbitrary.  Several models are proposed and likelihood-based methods

for selecting a model are suggested in Section 5.

3.1 Homogeneity Model

Groups are missed because of their locations.  When the aircraft entered the

vicinity of a missed group, it did not capture the signals emitted by the collared

animals in the groups.  Perhaps the aircraft did not come close enough to the

group to detect it or natural obstacles might have prevented the radio signals

from reaching the aircraft.  This suggests that a simple homogeneity model,

where each group has the same unknown probability r of being detected, might

be adequate.  This suggests

pH
i  = r  provided that Xi≥1

as a second phase detection model.
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3.2 Independence Model

An alternative model, where the detection probability increases with the number

of collared animals in the group, is also of interest,

pIi  = 1 - rXi,

where r is an unknown parameter in (0,1).  This is the model that would be

obtained if within a group, collared animals were detected independently of one

another, each having a probability r of being detected.

3.3 Threshold Model

A detection probability of 1 for groups with Xi greater than or equal to a bound B

can also be envisaged:

pB
i  = 

 

 1      Xi≥B
 r    1≤Xi<B .

The three detection probabilities depend on an unknown parameter r;

estimation methods for r are proposed in Section 4.1. In survey sampling

terminology, the groups detected at phase 2 are a Poisson sample (Särndal,

Swensson, and Wretman, 1992, chapter 2). They are selected independently of

one another, and each one has its own probability pi of being sampled.

4. An Estimator for the Total Number of Caribou in a Herd.

Estimators of the herd size T that have good statistical properties for the

sampling models of Section 3  are investigated in this section.
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4.1 An Estimating Equation for pi.

If the parameter r indexing pi was known, then the phase two Horvitz Thompson

estimator of the total number of collared animals in the herd would be given by

∑δiXi/pi.  In other words, if E2(.) denotes the expectation with respect to the

second phase of sampling,

E2{∑
i=1

m
 
δiXi
pi

 -n} =0.

Thus ∑δiXi/pi=n is an estimating equation for pi.  For the homogeneity model, it is

easily solved yielding

p̂H
i  = r̂  = 

1
n  ∑

i=1

m'
 Xi = 

1
n ∑

i=1

m
 Xiδi.

There is no explicit form for r̂  in the independence model; it must be calculated

iteratively. For the threshold model, one has

r̂ = {n- ∑
i=1

m'
 (1-pB

i ')Xi}-1 ∑
i=1

m'
 pB

i 'Xi ,

where pB
i ' denotes the derivative of pB

i  with respect to r;  pB
i ' is an indicator

variable taking the value 1 for groups with less than B collared animals.

To study the sampling properties of r̂ , it is convenient to linearize this

estimator. This is a standard method used in the theory of estimating equations.

If the parameter r is estimated by solving g(r) = 0, then

(r̂ - r) ≈ - 
g(r)

E[g'(r)]

and a variance estimator for r̂  is v(r̂ ) = v(g(r̂  ))/[g'( r̂)]2 where v(g(r̂)) is an

estimator of Var[g(r)] evaluated at r = r̂ , and g'(r) is the derivative of g with respect
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to r.  Here g(r)=∑δiXi/pi-n, therefore g'(r) is given by -∑δiXipi'/pi2, where pi'

denotes the derivative of pi with respect to r.  Thus E[g'(r)]=-∑Xipi'/pi and

(r̂ - r) ≈ {∑
i=1

m
 
Xipi'
pi

}-1{∑
i=1

m
 
δiXi
pi

 -n} (3)

A variance estimator is easily derived. Since the δi's are independent Bernoulli

random variables,

 Var2{∑
i=1

m
 
δiXi
pi

 -n} = ∑
i=1

m
 
Xi2(1-pi)

pi
.

A variance estimator for this quantity, unbiased with respect to the phase 2

sampling, is ∑δiXi2(1-pi)/pi2.  This yields the following variance estimator for r̂

v2(r̂) = {∑
i=1

m'
 
Xip̂i'
p̂i2

}-2 ∑
i=1

m'
 
Xi2(1-p̂ i)

p̂i2
 ,

where the p̂ i's denote phase 2 detection probabilities evaluated at r=r̂.  For

example, with the homogeneity model, p̂H
i =r̂ =∑Xi/n,  p̂ i'=1, and

v2(r̂) = 
1-  r̂
n2  ∑

i=1

m'
 Xi2.

This is the standard variance estimator for Bernoulli sampling (Särndal,

Swensson, and Wretman, 1992, chapter 2).

4.2 An Estimating Equation for the Population Size

Consider the following random variable:

T - ∑
i=1

M
 

Niεiδi
pi[1-(1-Ni/T)n]

 .

The expectation of this random variable is 0 since E(δi|εi=1)is equal to pi and E(εi)

is equal to 1-(1-Ni/T)n.  If the selection probabilities were known,  the second term
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could be seen as the Horvitz-Thompson estimator (Särndal, Swensson, and

Wretman, 1992, Chapter 2) of the total herd size T.   Estimating the pi's, as

proposed in the previous section, yields the following estimating equation for T

T = ∑
i=1

M
 

Niεiδi
p̂i[1-(1-Ni/T)n]

 = ∑
i=1

m'
 

Ni
p̂i[1-(1-Ni/T)n]

 . (4)

The solution T̂ to this equation is the proposed estimator for the total herd size.

This solution is not explicit;  it must be calculated iteratively.

To calculate the variance of T̂, the method outlined in Section 4.1 can be

used once again.  The estimator T̂ is defined by solving g(T)=0 where

  g(T) = ∑
i=i

M
 

Niεiδi
p̂i[1-(1-Ni/T)n]

 - T.

Now

g'(T) =  
n
T2 ∑

i=1

MNi2εiδi(1-Ni/T)n-1

p̂iπi2
  -1,

 and Var(T̂) is approximately equal to Var[g(T)]/E[g'(T)]2.  The evaluation of

Var[g(T)] is technical since it involves two phases of sampling and it is presented

in the appendix.  The expectation of g'(T) is given by:

E[g'(T)] ≈ 
n
T2 ∑

i=1

M
 
Ni2E(εiδi)(1-Ni/T)n-1

piπi2
  -1 = 

n
T2 ∑

i=1

M
 
Ni2(1-Ni/T)n-1

πi
 - 1 ,

since E(ε iδi) = P(εi=1)P(δi=1|εi=1)=piπi.  Combining this with the findings of the

appendix yields
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Var(T̂) = 
 



 



1-
n
T2 ∑

i=1

M
 
Ni2(1-Ni/T)n-1

πi
 
-2

 



 



 ∑
i=1

M
 
Ni2(1-πi)

πi
 + ∑

i≠j

M
 
NiNjγij

πiπj
 + E1{ ∑

i=1

m
 
(1-pi)

pi
{Ni

πi
 - Xi 

∑
m

Nipi'/pi

∑
m

Xiπipi'/pi

}2}   , (5)

where E1 is the expectation with respect to the first phase sampling.

A variance estimator v(T̂) is constructed using the method of Horvitz and

Thompson.  The terms in the sums are multiplied by indicator functions taken

value 1 if all the units contributing to this term are sampled, and divided by the

estimated probability that the indicator function is equal to 1.  For instance,

NiNjγij/πiπj is multiplied by ε iεjδiδj/(p̂ip̂jπ̂ij).  This yields

 v(T̂) = 
 



 



1-
n

T̂2
 ∑
i=1

m'
 
Ni2(1-Ni/T̂)n-1

p̂iπ̂i2
 
-2

 



 



 ∑
i=1

m'
 
Ni2(1-π̂i)

p̂iπ̂i2
 + ∑

i≠j

m'
 

NiNjγ̂ij

p̂ip̂jπ̂iπ̂jπ̂ij
 + ∑

i=1

m'
 
1-p̂i
p̂i2

 

 



 



Ni

π̂i
 - Xi 

∑
m'

 Nip̂i'/(π̂ip̂i2)

∑
m'

 Xip̂i'/ p̂i2

 
2

(6)

where π̂i, π̂ij,  and γ̂ij are obtained from equations (1) and (2) respectively by

replacing T with T̂.

The estimator T̂, defined implicitly by equation (4), reduces to the simple

capture-recapture estimator of Section 2 for one particular distribution of group

sizes.  Suppose that n is large and that there are TA caribou in large well-

aggregated groups, nA of which are collared .  For these groups Ni is large

enough for πi ≈1.  The other groups are assumed to be small so that, for these

groups

πi = 1 - (1-Ni/T)n≈ 
nNi
T  . (7)
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Let nD be the number of collars found in small groups (this also represents the

number of small groups detected since small groups can contain at most one

collared animal).  Under a threshold detection model with large groups being

detected for sure, r̂=nD/(n-nA) .  By (7), estimating equation (4) then reduces to T

= TA+ (n-nA)T/n which yields T
^

 =nTA/nA.  Variance estimator v(T
^

 ) can be shown,

in this case, to simplify to the standard linearization variance estimator for the

Petersen estimator.  Thus this section generalizes Russell et al.'s (1996)

estimator to situations where the groups' sizes do not have a simple bimodal

structure.

In possible applications of this method  to other species, detection of the

animals in aerial photographs might be hindered by vegetation or by forest cover.

In such situations, the photograph counts could underestimate the true group

sizes Ni.  The estimator T
^

 of this section would then be negatively biased.  A

solution to this problem would be to develop correction factors (Steinhorst and

Samuel,1989, Rivest et al., 1995,and Thompson and Seber, 1996) for the missed

animals and to use the techniques of this section with estimators N̂i of the group

sizes.  The estimation of the group sizes should then be accounted for in the

variance calculations.

5.  The Distribution of the Collared Animals in the Groups.

A key assumption underlying the statistical procedures proposed in this paper is

the random distribution of the radio-collared animals across the groups.

Statistical methods for testing this assumption are presented in this section.

Likelihood-based methods for selecting the model for the phase 2 detection

probabilities are also suggested.
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If the radio-collared animals are randomly distributed, then the probability

function of  the number of collared animals in group i is easily derived.  It is, for

k=0,1,..., given by

f(k) = 
 


 
Ni

k   


 
T-Ni

n-k

 


 
T

n

 ≈  


 
n

k  (Ni
T)k(1 - 

Ni
T)n-k 

≈  
[(nNi)/T]k

k!  exp[-(nNi)/T]

where the last approximation is valid as long as n is large and Ni/T is small. The

distributions of the variables Xi that are observed are not Poisson however.  Their

distributions depend on the phase 2 detection probabilities.  They are given by

P(Xi=k) = 
1
ci

 pk 
[(nNi)/T]k

k!  exp[-(nNi)/T] = f(k,
nNi
T ),

where pk is the second phase detection probability for a group containing k

collared animals, and ci is a normalizing constant defined in such a way that the

probabilities sum to 1.

For the homogeneity model, pk= 0 at k=0 and pk=r when k is positive, thus

the Xi's are then distributed as truncated Poisson, P(Xi=k) = fH(k,(nNi)/T) where

fH is the truncated Poisson probability function given by

fH(k,λ ) = 
λk

k![exp(λ )-1]
 , k=1,2,....

For the independence model, the probability function of Xi is fI(k,(nNi)/T)

where fI is given by

fI(k,λ) = 
λk(1-rk)

k![exp(λ )-exp(λr)]
 , k=1,2,....;

note that fI(k,λ )=fH(k,λ ) when r=0.
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For the threshold model, pk takes three values: 0 at k=0, r for k between 1

and B, and 1 for k larger than or equal to B.  In this case the probability function

of Xi is fB(k,(nNi)/T) and fB is given by

fB(k,λ ) = 
[1-(1-r)pB

k']λk

k![exp(λ )-1-(1- r) ∑
j=1

B-1
λ j/j!]

 , k=1,2,....

where, as defined in Section 3.3, pB
k'  takes the value 1 when k is less than B.

The Xi's are not independent since their sum is smaller than or equal to n.

However for investigating the randomness assumption and for comparing phase

2 sampling models, this dependency is overlooked and the Xi's are assumed to

be independent.  Furthermore the parameter r for each phase 2 detection model

is assumed to be known and equal to the estimate r̂  obtained using the

estimating equation in Section 4.1.  A justification for this assumption is that the

likelihood for independent Xi's does not contain as much information on r as does

the phase 2 sample considered in Section 4.1.  This is especially true of the

independence model for which, as r goes from 0 to 1, the distribution of Xi goes

from the truncated Poisson to the shifted Poisson (when r goes to 1, fI(k,λ )

converges to λ (k-1)e-λ/(k-1)!) .

5.1 A Score Test for the Randomness Assumption.

When the collared animals are randomly distributed, the distribution of the

number of collars in each group is approximately Poisson.  An overdispersed

Poisson distribution is a possible alternative distribution.  Such a distribution

could occur if, for some reason, the collared animals did not mix well with the

herd, for instance if mostly female caribou were wearing collars and sex-

discrimination took place during group formation. In this case, the number of
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collars in male groups would be much smaller than in female groups and the

number of collared animals in a group could be modeled with a Poisson mixture.

If the number of collared animals in all groups were observed, then a score test

for overdispersion in a Poisson regression model (Dean and Lawless, 1989)

would be appropriate for detecting overdispersion.  Because of the phase 2

sampling, the probability function for Xi is f(k,nNi/T).  When r, the parameter for

the phase 2 detection, is known, f is a natural exponential family.  A score test for

overdispersion in f is proposed to test the randomness assumption.

 Dean's (1992) method is used to construct the test.  Let θ=-log T and

di=log(n) + log(Ni) be a natural parametrization for the exponential family.  In this

notation, f(k,nNi/T) = exp [k(θ+di) - g(θ+di) + c(k)], where g and c are functions

depending on the phase 2 detection probabilities.  The maximum likelihood

estimate θ̂ of θ is the solution of

∑Xi = ∑ g'(θ+di).

where g' is the derivative of g.  The expectation and the variance of Xi are easily

calculated:  E(Xi) = g'(θ+di) while Var(Xi) = g''(θ+di).  The test for overdispersion

is given by formula (1.10) of Dean (1992),

zobs=∑{[Xi-g'( θ̂ +di)]2 - g''(θ̂ +di)}/V̂,

where

V̂2 = ∑
i=1

m'
  {g''''(θ̂ +di) + 2 [g''(θ̂ +di)]2} - 

[∑g'''(θ̂ +di)]2

∑g''( θ̂ +di)

and g'', g''', g'''' represent the second, third and fourth derivatives of g.  For an

alternative hypothesis of overdispersion, this test is unilateral.  The hypothesis of

randomness is rejected at the 5% level if zobs is larger than 1.645.
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For the independence model, one has g(θ) = reθ + log{exp[(1-r)eθ] -1} and

g'(θ) = reθ + 
(1-r)eθexp[(1-r)eθ]

exp[(1-r)eθ] -1
 = eθ + 

(1-r)eθ

exp[(1-r)eθ] -1
.

Let z=(1-r)eθ and h=z/(ez-1).  Since,

d
dθ

 z = z and 
d
dθ

 h = -(z-1)h - h2,

the successive derivatives of g are easily evaluated:

g''(θ) = eθ - (z-1)h - h2,

g'''(θ) = eθ + (z2-3z+1)h +3(z-1)h2 + 2h3,

g''''(θ) = eθ - (z3 - 6z2 +7z -1)h - (7z2 - 18z +7)h2 - 12(z - 1)h3 -6h4.

Setting r=0 in z yields the function g and its derivatives for the truncated Poisson

model, obtained with the homogeneity detection model.  Thus, goodness of fit

tests are easily carried out for the homogeneity and the independence detection

models using the above formula.  For the threshold model, the successive

derivatives of g do not have simple appealing forms;  the test statistic can still be

calculated using a symbolic software such as Maple (Char et al., 1991).

5.2 Likelihood-Based Comparisons of the Three Detectability Models.

If f represents the probability function of Xi for a particular phase 2

detection model, the likelihood for T is given by

L(T) = ∏
i=1

m'
 f(Xi,nNi/T)

Let L̂  denote the maximum value of this likelihood function.  The value of T at

which this maximum is attained is the maximum likelihood estimator of T.  It is not
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equal to T̂, the estimate defined by estimating equation (4), however these two

estimates should, in general, be closed.  Comparing the maximum values of the

likelihoods for various phase 2 selection probabilities provides a basis for

choosing the model for the phase 2 selection probabilities.  A good model is one

for which L̂ is large.

5.3 Sensitivity Analysis

The score test of Section 5.1 depends on the phase 2 detection model, however

it may be argued that the outcome of this test should be relatively insensitive to

the hypothesized phase 2 model.  For small groups, under all phase 2 models, X

is equal to 1 with a very high probability; thus they do not contribute significantly

to the score test.  Large groups have the largest impact on this test; for these

groups, the distribution of Xi is approximately Poisson for any phase 2 model

since, for the values of X that are likely, the phase 2 detection probabilities are

maximum.  Indeed, for large groups, the function g and its derivatives appearing

in the definition of the score test of Section 5.1 are all approximately given by eθ,

for any phase 2 model, thus their contributions to the statistic for overdispersion

should not depend on the second phase detection probabilities.

If the randomness assumption is doubtful the distribution of X (the number

of collars in a group) could be modeled with a negative binomial distribution,

having mean λ  and positive shape parameter θ,

f(k) =  


 
θ+k-1

k
 
 


 
λ

λ+θ
 
k

 


 
θ

λ+θ
 
θ
, k=0,1,....

Under this model, the variance of X is λ + λ2/θ.  In group i, the parameter λ  is

nNi/T, and the probability that the group contains at least one collared animal is
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πθi= 1- 
 


 
θ

nNi/T+θ
 
θ
.

 When θ goes to ∞, πθi  converges to 1-exp(-nNi/T)≈1-(1-Ni/T)n=πi defined by (1).

Thus πθi is a generalized detection probability that incorporates various levels of

overdispersion.  Solving (4) with πi replaced by πθi yields estimates of herd's size

for several non-random distributions of the collars.  It can be shown that as the

overdispersion increases (i.e. θ decreases), T
^

 increases.  Thus, overdispersion of

the collared animals is, in many ways, analogous to heterogeneity of the capture

probabilities in a capture-recapture experiment (see Rivest et al. (1995) and the

references therein).  This leads to an underestimation of the herd's size.

6. The Rivière George Caribou Herd 1993 Inventories.

The summer range of the Rivière George herd of migratory caribou

(Rangifer tarandus) occupies approximately 120 000 km2 in northern Labrador

and northeastern Québec between 52° and 60°N latitude.  In July 1993 a post-

calving inventory was carried out by Renewable Resources Consulting Services

Ltd. on the behalf of the Department of National Defense of Canada (Russell et

al., 1996).   The data for this inventory is presented in Table 1.

Insert Tables 1 and 2

The inventory depends on collared animals in the herd at the time of the

survey.  Animals are collared on a regular basis throughout the annual life cycle

of the caribou herd, in different locations.  Collared animals are used for

management and research.  During the survey, the aircraft search for all possible

collars that have a chance of being active at survey time.  In 1993, there were

more than 100 such collars.  During the inventory, 73 collars were located in

groups of various sizes.   Among the undetected collars, 16 were, after the
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inventory, classified as being active since they had been seen less than one

month before or after the survey.  Among the other undetected collars it was

estimated, based on transmitter battery life and on the survival probabilities of

adult caribou, that 3 were active.  Thus n=92 for the estimation of the herd's size.

The estimates obtained with the detectability models of Section 3 are

presented in Table 2.  Three phase 2 detection models, the independence model

and the threshold models with B=2 and 4, give the largest likelihoods.  Choosing

the independence model as the working detection model gives T
^

=602 190 adult

caribou with a coefficient of variation of 9.2%; the corresponding 90% confidence

interval is (511 055,693 334).  For this detection model, the score statistic of

Section 5.1 is zobs=0.284, which is not significant at the .05 level, thus the

random distribution of collared animals in the groups is tenable.  This agrees with

the results in other post-calving surveys (Valkenburg et al., 1985;  McLean and

Russell, 1988) where collared animals appeared to mix randomly.

Consider using the simple capture-recapture model of Section 2 on this

data.  Russell et al. (1996), using only groups with more than 4000 animals,

obtained T
^

=543 444 with a coefficient of variation of 7.9%.  This estimator is

negatively biased since many groups with more than 4000 animals have a

relatively small probability of containing at least one collared animal.  For groups

of size 5000 this probability is 0.52;  it is larger than 0.95 only for groups with

more than 20 000 animals.  On the other hand, as pointed out by a referee, using

only the five groups with more than 20 000 caribou yields T
^  

=720 000 with a

coefficient of variation of 14%. Thus the definition of what constitutes a large

group has a large impact on the estimate.  This problem is overcome by using

the estimator derived from estimating equation (4).
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The estimate T
^ 

is not overly sensitive to the determination of n.  Taking

n=90 yields T
^  

= 587 937 while, for n=94,  T
^  

=616 715.  Both values are well within

the 90% confidence interval for T. The possible impact of overdispersion on the

estimate was investigated by estimating T with various values of θ, as proposed

in Section 5.3, resulting in  T
^  

=607 545, 627 015, and 657 020 with θ=25, 5, and

2.5 respectively.  These values are again within the 90% confidence interval; thus

the estimate is robust to the overdispersion of collared animals in the groups.

In 1993, the population of the Rivière George Caribou herd was also

estimated according to a calving ground inventory  (see Couturier, Courtois,

Crépeau, Rivest and Luttich, 1996).  This inventory relies on a behavioral trait of

female caribou:  each spring they go to the same calving ground to give birth.

The calving ground of the Rivière George caribou herd occupies approximately

30 000 km2.  In a calving ground inventory, one first estimates the number of

females on the calving ground with a stratified aerial survey; then, using an

estimate of the male/female ratio, the total population can be estimated.  In 1993,

this produced an estimate of 583 931 animals with a coefficient of variation of

20.5%.  The calving ground and the post-calving estimates of population size are

remarkably similar, however the calving-ground estimate is much more variable.

This is a result of the heterogeneous distribution of the caribou on the calving

ground.

7 . Discussion.

Post-calving inventories have several attractive features:  they permit

observation of a large percentage of the animals and they yield large minimum-

size estimates.  One possible drawback is that the implementation of a post-

calving inventory relies on many uncontrollable factors:  the temperature has to
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be warm enough for the caribou to aggregate, the distribution of the collared

animals in the groups has to be random, and finally the detection mechanism of

groups with collared animals is uncontrollable.  With sufficient resources

available for their implementation however, post-calving inventories should, as in

Section 6, give estimates that are much more precise than those derived from

calving-ground inventories.

Appendix:   Variance Calculations in Two Phase Sampling

Let indices 1 and 2 denote moments taken with respect to the first phase

and to the second phase sampling, conditional on the first phase, respectively.

Then Var[g(T)] =  E1{Var2[g(T)]}+ Var1{E2[g(T)]}  Since as established in Section

4.1, E2(p̂  i) ≈pi,

Var1{E2[g(T)]} ≈ Var1 
 



 

∑

i=1

M
 
Niεi

πi
 = ∑

i=1

M
 
Ni2(1-πi)

πi
 + ∑

i≠j

M
 
NiNjγij

πiπj
 ,

where γij is defined in equation (2). To calculate Var2[g(T)], g(T) is approximated

by using the following Taylor series expansion, 1/p̂ i ≈ 1/pi - ( r̂  - r)pi'/pi2.  This

gives

g(T) +T = ∑
i=1

m
 
Niδi

p̂iπi
  ≈ ∑

i=1

m
 
Niδi

piπi
 - ( r̂  - r) ∑

i=1

m
 
Niδipi'

pi2πi
.

Let  (r̂  - r)A1 = (r̂  - r)E2(A1) + (r̂  - r)[A1 - E2(A1)] be the second term on the right

hand side of the above expression.  Since (r̂  - r)[A1 - E2(A1)] is negligible with

respect to (r̂  - r)E2(A1), using (3),results in the following approximation,

g(T) +T ≈ ∑
i=1

m
 
Niδi

piπi
 - ∑

i=1

m
 
Nipi'
piπi

{∑
i=1

m
 
Xipi'
pi

}-1{∑
i=1

m
 
δiXi
pi

 -n}.

Thus,
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Var2[g(T)] = ∑
i=1

m
 
(1-pi)

pi
{Ni

πi
 - Xi 

∑Nipi'/(piπi)
∑Xipi'/pi

}2.

A formula for the variance is therefore given by

Var[g(T)] =  ∑
i=1

M
 
Ni2(1-πi)

πi
 + ∑

i≠j

M
 
NiNjγij

πiπj
 +E1{∑

i=1

m
 
(1-pi)

pi
{Ni

πi
 - Xi 

∑Nipi'/(piπi)
∑Xipi'/pi

}2}.

This completes the variance derivation.
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Résumé:  Cet article étudie une technique d'estimation de la taille d'un troupeau

de caribous à partir d'animaux portant des radios-émetteurs.  Elle s'appuie sur un

comportement particulier des caribous.  Durant l'été, ils forment de grands

groupes compacts pour se protéger des insectes piqueurs.  Durant cette période

de regroupement, les biologistes parcourent en avions et en hélicoptères le

territoire des caribous à la recherche des signaux émis par les animaux portant

des radios-émetteurs pour localiser les groupes.  Cependant, certains animaux

avec radio-émetteurs ne sont pas localisés.  Les groupes qui sont trouvés sont

photographiés et énumérés.  Le nombre total d'animaux photographiés sous-

estime la taille du troupeau car les groupes sans collliers-émetteurs et certains

groupes avec colliers-émetteurs sont manqués.  Cet article propose un modèle

stochastique pour tenir compte, dans l'estimation de la taille du troupeau, des

groupes manqués.  Un nouvel estimateur de la taille du troupeau ainsi qu'un

estimateur de variance sont proposés.  L'analyse des données de l'inventaire de

juillet 1993 du troupeau de caribous de la Rivière George est présentée en guise

d'illustration.
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i Group size (Ni) # of marked animals (Xi)
1 66448 10
2 55773 6
3 51187 4
4 49310 9
5 27656 3
6 16585 2
7 16278 5
8 14082 4
9 11789 5
10 11498 2
11 8779 4
12 8543 2
13 4678 2
14 2770 1
15 2635 1
16 2092 1
17 1991 1
18 1557 1
19 1397 1
20 1287 1
21 530 1
22 467 1
23 461 1
24 336 1
25 134 1
26 122 1
27 80 1
28 59 1

Total 358524 73

Table 1.  Data for the 28 groups detected in the 1993 Rivière George post-

calving survey.
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Phase 2 model r̂ v( r̂)1/2 Log-lik. T
^ CV

Homogeneity 0.793 0.093 29.74 587 078 9.1%

Threshold, B=6 0.716 0.093 29.43 580 060 10.4%

Threshold, B=4 0.578 0.091 30.85 608 384 8.7%

Threshold, B=2 0.442 0.085 30.46 605 642 9.4%

Independence 0.496 0.075 30.63 602 190 9.2%

Table 2.  Herd size estimates and their coefficients of variation for various

detectability models. For each phase 2 detection model an estimate of r and of its

standard error are given together with the log-likelihood for the model defined, in

the notation of Section 5.2, as Log(L̂) + ∑log(Xi!).


